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Proof (Counter-example & Contradiction)

Every proof question from the legacy WJEC C3 + C4 papers (June 2011 - June 2017) that maps onto new-spec A2 Unit
3 proof methods

LEGACY 2008 SPECIFICATION

Estimated time for entire question pack: ~0O hours 46 minutes

Derived from the legacy C3/C4 paper’s pace of ~1.25 min/mark (37 marks over 9 questions).

You are advised to not attempt to complete all of this in one sitting.
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— method marks are awarded for clear setup.

A calculator is allowed (except where specified by
individual questions). The WJEC Formula Booklet may be
referred to.

All question content is © WJEC CBAC Ltd. and reproduced
for revision purposes.
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Proof (Counter-example & Contradiction) — what the new
spec asks

WJEC GCE A Level Mathematics (from 2017) - Unit 3: Pure Mathematics B - Topic 2.3.1.

Counter-example 2.3. Proof by contradiction 2.3.

e Disprove a general statement by finding a single e Assume the negation of the proposition.
counter-example. e Derive a contradiction from the assumption.

o Pick simple values (often integer or trigonometric ¢ Conclude the original proposition must be true.

special angles).
e Show the conclusion fails with that example.
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PureB-2.3.1-2017 spec

Proof - Counter-example & Contradiction in one page

Quick-reference notes — revisit before each section. Don’t use during questions.

Counter-example method

To disprove Vz, P(z), find one z, with
—P(zp).

Pick simple values: 0, 1, /2, integers,
etc.

State the value and show the
conclusion fails.

Worked structure

1. Start: “Assume for contradiction...”
2. Manipulate algebraically.

3. Reach a contradiction.

4. Conclude.

Proof by contradiction
To prove P:assume —P.

Derive a contradiction (a false
statement).
Conclude P must hold.

Pitfalls

Don’t prove the converse by mistake.

Be careful with assumed structure
(lowest terms, even/odd).

Classic examples

v/2 irrational (assume rational a/b in
lowest terms, derive both even).

v/n irrational for non-square n.
Infinitely many primes (Euclid’s
argument).

WJEC C4 Q10 style

Most C4 papers end with a 3-mark
proof by contradiction.

The first line is usually given — you
must complete the logic.



SECTIONTS

Proof (Counter-example & Contradiction)

Questions 1-9 - 37 marks



Question1

7.

WJEC C3 June 2011 - Q7

(a) Show, by counter-example, that the statement
la+bl=[al+]b]
s false.
(b)  Solve the equation

|2x+1|=]3x 4|

(2]

5 marks



Question 2 WJEC C3 June 2015 - Q10 11 marks

10. (a) Show, by counter-example, that the following statement is false.
‘If two functions i and k are such that their derivatives
h'and k 'are equal, then the functions # and k& must
themselves be equal’ [2]

(b) The functions f'and g have domains [7, 60] and [9, ) respectively and are defined by

f(x) =2In@x + 5) + 3,
2(x) = e

(i) Find an expression for /~!(x).

(i)  Write down the domain of /!, giving the end-points of your domain correct to the
nearest integer.

(i)  Write down an expression for gf(x) and simplify your answer. [9]

END OF PAPER

©WJEC CBAC Ltd. (0975-01)



Question 3 WJEC C4 June 2011 - Q10 3 marks

10. Prove by contradiction the following proposition.
When x is real and positive,
ax+2 > 12.
X
The first line of the proof is given below.

Assume that there is a positive and real value of x such that

dx +% < 2. 3]

(976-01)



Question 4 WJEC C4 June 2012 - Q10 3 marks

10. Complete the following proof by contradiction to show that /5 is irrational.
Assume that \J5 is rational. ThenJ5 may be written in the fbrm% . where a, b are
integers having no common factors.
a = 5b°.

a’ has a factor 5.
a has a factor 5 so that a = 5k, where k is an integer. [3]

(0976-01)



Question 5 WJEC C4 June 2013 - Q10

10. Prove by contradiction the following proposition.
When x is real,
G5x-3)>+1 2= (Gx-1>2
The first line of the proof is given below.

Assume that there is a real value of x such that

(5x-3)2+1<(3x-1)°.

©WIEC CBAC Ltd. (0976-01)

3]

3 marks



Question 6 WJEC C4 June 2014 - Q10

10. Complete the following proof by contradiction to show that
sinf + cosf < 2
for all values of é.

Assume that there is a value of 6 for which sin® + cos@ > /2 .
Then squaring both sides, we have:

(3]

END OF PAPER

@ WJEC CBAC Ltd. (0976-01)

3 marks



Question?7 WJEC C4 June 2015 - Q10 3 marks

10. Prove by contradiction the following proposition.

If @ and b are odd integers such that 4 is a factor of a — b,
then 4 is not a factor of a + b.

The first lines of the proof are given below.

Assume that 4 is a factor of a + b.
Then there exists an integer ¢ such that a + b = 4c. [3]

END OF PAPER

@ WJEC CBAC Ltd. (0976-01)



Question 8 WJEC C4 June 2016 - Q10

10. Prove by contradiction the following proposition.

When x is real and x # 0,

x+£‘;2.

The first two lines of the proof are given below.

Assume that there is a real value of x such that

‘x+%<2.
X

Then squaring both sides, we have:

END OF PAPER

©WJEC CBAC Ltd. (0976-01)

(3]

3 marks



Question 9 WJEC C4 June 2017 - Q10

10. Complete the following proof by contradiction to show that V7 is irrational.
Assume that \ﬁ is rational. Then \ﬁ may be written in the form ;)_" ,
where a, b are integers having no factors in common.
sa? =7k,

. a? has a factor 7.
~. a has a factor 7 so that a = 7k, where k is an integer. [3]

END OF PAPER

@ WJEC CBAC Ltd. (0976-01)

3 marks
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