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Rectilinear Motion — Variable Acceleration & the Chain Rule
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Specimen) and a couple from M3 that map onto the new-spec A2 Unit 6 Topic 1.
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FMB-2.6.1-2017 spec

Rectilinear Motion — Variable Acceleration & the Chain Rule
— what the new spec asks

WJEC GCE A Level Further Mathematics (from 2017) - Unit 6: Further Mechanics B - Topic 2.6.1.

Rectilinear motion 2.6.1

Form and solve simple equations of motion in which
acceleration is given as a function of time,
displacement or velocity.

Velocity may be given as a function of time or
displacement.

Use of a = dv/dt,a = vdv/dz, a = d*z/dt?.

Resulting first-order differential equations are usually
separable.

Acceleration as afunctionofv 2.6.1

Use dv/dt = a(v) > t = [ dv/a(v).

For position: vdv/dz = a(v) > = = [vdv/a(v).
Choose the form that puts the unknown on the right
side and the known v on the left.

Typical setting: motion against resistance kv or kv’.

Acceleration as a functionoft 2.6.

e Easiest case: integrate a once to get v, once more to
get x.

o v(t) =v(0)+ fot a(s)ds.

o z(t) =z(0) + fg v(s)ds.

e Initial conditions are essential — track them through
every integration.

Acceleration as a functionofz 2.6

o Always use the chain rule a = vdv/dz.

e Gives separable equation vdv = a(z) d.

o Integrate both sides = 1v? = [ a(z) dz + const.

e Common when motion is governed by a position-
dependent force such as Hooke or inverse-square.
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Rectilinear Motion in one page

Quick-reference notes — revisit before each section. Don’t use during questions.

Three forms of a

The acceleration of a particle moving
on the z-axis can be written as:

_dv_ds
=@ e
a:vd—v (chain rule)

dzr

Pick the form that matches the
variable a is given as a function of.

Accelerationas afnofz
If a = a(z), use the chain rule:
vdv = a(z)dz

Integrate to get the “energy-like”
relation:

1v* = [a(z)de+C

Distance vs displacement
Displacement = signed change in
position.

Distance travelled = fOT lv(t)] dt.
If v changes sign att = t*, split:
distance = fot vdt + ﬁ?(fv) dt.

Acceleration asa fnoft
If a = a(t), integrate directly:

v(t) = vo + fot a(s)ds

z(t) = zo + fotv(.s) ds
Always carry initial conditions vo and
xo through.

Resistance to motion

Common setting: a force minus a
resistive force.

If mv = F — kv: gives a linear DE in v
with exponential approach to terminal
speed F/k.

If mo = F — kv?: separable in v;
terminal speed /F/k.

Use partial fractions or substitution as
appropriate.

Common pitfalls

o Confusing a = dv/dt (time) witha =
vdv/dz (position).

o Forgetting the constant of integration.

o Treating “total distance” as the same
as “displacement”.

o Confusing terminal velocity (when
© = 0) with stopping.

Crib sheet — revision compilation for FM Unit 6 Topic 1.
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FMB-2.6.1-2017 spec

Accelerationasafnofv

If a = a(v), separate:

dv dv
E =av)=>t= m
For position, use the chain rule:
dv vdv
v = a(v) =z = m

Boundary conditions

Each integration introduces a
constant. Use the given initial
conditions to pin them down:

Att = 0: v(0) = vy, z(0) = z.

For an a(z) problem, v is often given at
a specific z (e.g.v = u when z = 0).
Substitute the boundary conditions
afterintegrating, not before.

Strategy

1. Identify which variable a depends on
(t, x orv).

2. Pick the matching form (dv/dt,
vdv/dz, or dv/dt = a(v)).

3. Separate and integrate; carry
constant.

4. Apply initial conditions; check units.

Questions begin overleaf.



SECTION T1

Rectilinear Motion

Questions 1-14 - 135 marks



Question 1 WJEC M2 June 2005 - Q2 12 marks

2. A particle moves in a straight line such that its acceleration @ ms™ is given by
a=4-6tr for t>=0.
Attime 7 = 0, the particle is at the point O and its velocity is 4ms™.
(a) Find an expression for the velocity of the particle at time ¢s. [3]
(b)  Find an expression for the displacement of the particle from O at time ¢ s. [3]

(c) Determine the time when the particle comes to rest instantaneously and the distance of the
particle from O at this time. [3]

(d) Calculate the speed of the particle when ¢ = 3, and determine whether or not the speed of
the particle is increasing or decreasing at this time. [3]



Question 2 WJEC M2 June 2006 - Q3 9 marks

3. A particle P, of mass 3 kg, moves along the horizontal x-axis under the action of a resultant force
F N.Its velocity v ms™ at time 7 seconds is given by

v =12t - 31>,
(a) Given that the particle is at the origin O when ¢ = 1, find an expression for the displacement
of the particle from O at time ¢ s. [4]
(b) Find the acceleration of the particle at time ¢ s. [2]

(c) Find the power of the force F when 7 = 1-5. [3]



Question 3

WJEC M2 June 2007 - Q1

11 marks

1. A particle P is projected from the origin O so that it moves along the x-axis. At time ¢ s after
projection, the velocity of the particle, vms ', is given by

(a)
(b)
(c)
(d)
(e)

v=3t2— 241 + 45.
Show that P first comes to instantaneous rest when r = 3.
Find an expression for the acceleration of P at time 7 s.

Find an expression for the displacement of P from O at time ¢ s.

Find the distance travelled by the particle in the first 3 seconds of its motion.

Find the distance travelled by the particle in the first 4 seconds of its motion.

[2]
[2]
[3]
[2]
[2]



Question 4 WJEC M2 June 2008 - Q3 13 marks

3. A particle, of mass 5kg, moves in a straight line under the action of a single force whose
magnitude F'N at time s is given by

F =15t% - 60t, t>0.

(a) Find the acceleration of the particle when 7 = 2. [2]
(b) The velocity of the particle at time 7s is denoted by vms™. Given that v = 35 when 7 = 0,

find an expression for v in terms of 7. [4]
(c) Calculate the least value of the speed of the particle. [3]

(d) Determine the distance travelled by the particle between 1 =2 and 7 = 8. [4]



Question 5 WJEC M2 June 2009 - Q1 10 marks

1. A particle moves along the x-axis and its velocity v ms™' at time ¢ s is given by
v = cos2t — 3sint.

(a) Find the acceleration of the body when ¢ = 7. [4]

(b) Given that x = 4 when ¢ = 0, calculate the distance of the particle from the origin O when

_ T
=z [6]



Question 6 WJEC M2 June 2010 - Q1 10 marks

1. A particle P moves in a straight line so that its acceleration ams ~ at time rs, is given by
a=3-4t.
At time ¢ = 0, the particle P passes through the point O and its velocity is —1 ms .
(a) Find an expression for the velocity of P at time 7s. [4]
(b) Find the values of r when P is instantaneously at rest. 2]

(c) Find the distance between the points at which P is instantaneously at rest. (4]



Question7 WJEC M2 June 2011 - Q1

1. A particle moves along the x-axis and its velocity vms ' at time ¢s is given by
v =12sin3¢ - 8cos2t.
(a) Find an expression for the acceleration of the particle at time 7s.

(b)  Given that at time ¢ = 0 the particle is at the origin O, find an expression for the
displacement of the particle from O at time #s.

8 marks

[3]

[5]



Question 8 WJEC M2 June 2013 - Q5 7 marks

5. A particle moves along a straight horizontal line. Its velocity vms™ at time s, is given by
v =2t(t - 6).
(a)  Find the set of values of ¢ for which the velocity of the particle is negative. 2]
(b)  Find the total distance travelled by the particle in the interval 0 < ¢ < 9. [5]



Question 9 WJEC M2 June 2014 - Q2 10 marks

2. A particle of mass 5kg moves under the action of a horizontal force given by F= 307~ - 30N at
time s, where ¢ > 0. It also experiences a constant resistance to motion of magnitude 120 N.

(@ Show that the motion of the particle satisfies the differential equation

dv _ g2 _
T, 61 30,
where vms~ is the velocity of the particle at time ts. 2]
(b) Calculate the value of # when the acceleration of the particle is 24 ms~2. [2]

(c) Given that the velocity of the particle is 18 ms~! when = % find an expression for v in
terms of t. Hence find the values of t when v = 10. [6]



Question 10 WJEC M2 June 2015 - Q2 10 marks

2. An object of mass 50kg moves in a straight horizontal line under the action of a constant
horizontal force of magnitude 1600N acting along the line. The resistance to motion of the
object is proportional to time 7 seconds. At time ¢ seconds, the velocity of the object is vms-1
and at time 7 = 2, it is moving with velocity 41 ms—"! and acceleration —4 ms—2.

(@ Show that v satisfies the differential equation

dv _
- 32 —18t. [4]

(b) Find an expression for v in terms of  and determine the times when the velocity of the
object is 28 ms—1. [6]



Question 11 WJEC M2 June 2016 - Q1 9 marks

1. A particle of mass 4 kg moves along the x-axis, starting, when ¢ = 0, from the point where
x = 3. At time s, its velocity vms~ is given by

v=12t2- Tkt + 1,

where k is constant.
When ¢ = 2, the displacement of the particle from the origin is 16 m.

(@) Determine the value of k. [5]

(b) Calculate the magnitude of the force acting on the particle when ¢ = 5. [4]



Question 12 WJEC M2 June 2017 - Q2 9 marks

2. A particle P, of mass 0-8kg, moves along the x-axis so that its velocity at time ¢ seconds is
vms~1, where v = 413 — 6¢ + 7. Given that the displacement of P is 5m from the origin when
t =0, find

(@) the displacement of P from the origin when ¢ = 2, [5]

(b)  the force acting on P when ¢ = 3. [4]



Question 13 WJEC M2 Specimen - Q1 6 marks

v=23t2+10t"
(a) Find the acceleration of the particle at time t s. [2]

(b) Given that when t = 0, x = -3, find the displacement of the particle at time
t=2s. [4]



Question 14 WJEC M3 June 2015 - Q1 11 marks

1. Aparticle of mass 400kg moves along a straight horizontal road under the action of a horizontal
force F. The magnitude of the force /' may be modelled by SOO(HLZ) N, where yms—' is
the speed of the particle and xm is the distance of the particle from a point O on the road.

(@ Show that the motion of the particle satisfies the differential equation

dy(v+ Z)S—; =5x. [2]

(b)  When x = 0, the particle is at rest.
(i) Find an expression for x in terms of v.

(i)  Find the distance of the particle from O and the acceleration of the particle when its
speed is 3ms-1. [9]
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