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Hyperbolic Functions — Definitions, Identities & Inverse Log
Forms — what the new spec asks

WJEC GCE A Level Further Mathematics (from 2017) - Unit 4: Further Pure Mathematics B - Topic 2.4.7.

Definitions frome* 2.4.7 Identities & calculus  2.4.7
e sinhz— & — € _dd function, range R. e sinh(A + B) = sinh A cosh B =+ cosh A sinh B.
ot fe,w e cosh(A + B) = cosh A cosh B + sinh Asinh B.

o sinh2A4 = 2sinh A cosh A4; cosh 24 = cosh® A +
sinh® A = 2cosh® 4 — 1.

e Derivatives: 3% sinh z = cosh z, adz coshx = sinh z,

e coshz = —5— —even function, range [1, co).

sinhz €*—e”®
tanhx = = ——— —range (—1,1).
¢ — coshx et +4e @ ge ( )

o Pythagorean: cosh® z — sinh? z = 1.

di tanh z = sech? z.
&

Inverse hyperbolics  2.4.7 Working scientifically general
. sinhflmzln(m+\/m2+1) —all z. e Forequations of form acoshz + bsinhx = ¢, replace
e cosh 'z = In(z++vz?—1)—z>1 with e® and solve quadratic in e”.
o tanh 'z = %mﬁj—i) — |z < 1. e For substitution £ = asinhu: dz = a coshudu and
dx LT va?+ x?2 = acoshu.

e Integrals: [ ———= =sinh"" = + C and

p va? + a? a e Forz =acoshu:dzr = asinhudu and v/z2 — a2 =

z L .

———— =cosh™ — +C. asinh u.
/ V2 —a? a

o Always state the domain restriction on cosh ' (z > 1)
— lose marks if you don’t.
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Hyperbolic Functions in one page

Quick-reference notes — revisit before each section. Don’t use during questions.

Double-angle formulae

sinh 2A = 2sinh A cosh A.

cosh2A = cosh? A + sinh® 4 =

2cosh? A — 1 =1+ 2sinh? A,
2tanh A

tanh24 = —————.
1+ tanh® A

Standard hyperbolic integrals

d
/% =sinh71§ +C
iy a
/% :COShilg +C’(:v>a)

Forvz?+ a2 —usex = asinhuorz =
a cosh u.

Definitions

sinhz — =" _ odd; range R.

coshz = # — even; range [1, c0).

tanhz = sinhe odd; range (—1,1).
coshz

Pythagorean identity
cosh’z — sinh’*z = 1

Variants:

1 — tanh®z = sech® z.

coth?z — 1 = cosech? z.

Derivatives & integrals
d
dz
d% tanhz = sech’ z.

/cosha:dw =sinhz + C, /sinha:d:c =
coshz + C.

/‘sech2 zdr =tanhz + C.

sinh z = coshz, % coshz = sinh z,

Common pitfalls

« Confusing cosh? —sinh® = 1 with the
Pythagorean trig identity.

o Forgetting the domain restriction on
cosh ™ (z > 1).

e Wrongsignin % coshz = sinhz — both
positive (unlike cos / — sin).

o Mixing v22 + a2 (use sinh) with
va? — 2? (use sin).

Crib sheet — revision compilation for FM Unit 4 Topic 7.

FPB-2.4.7-2017 spec

Addition formulae
sinh(A + B) = sinh Acosh B +

cosh Asinh B.
cosh(A + B) = cosh Acosh B +
sinh A sinh B.

tanh A + tanh B
tanh(A + B) = — =

1+ tanh Atanh B’

Inverse hyperbolic logs
sinh 'z = ln(a: + Vz? + 1) —allz.
cosh'z = ln(ac+ Va2 — 1) —x>1.

tanh ™'z = %ln(i +z> —lz| <L
-z

Strategy

1. For equations: convert to e, get a
quadratic in e”.

2. For integrals with /22 + a%:
substitute z = asinhu.

3. For v/22 — a® with z > a: substitute
x = acoshu.

4. Verify log answers using

sinh ™!, cosh ™, tanh ™! formulae.

Questions begin overleaf.



SECTION T7

Hyperbolic Functions

Questions 1-15-122 marks



Question 1
1. (a)
(b)

WJEC FP3 June 2006 - Q1

Using the exponential definitions of sinh x and cosh x, show that
cosh2x = 2sinh” x + 1.

Solve the equation
cosh2x = 3sinhx

giving your answers correct to three significant figures.

9 marks

[3]

[6]



Question 2 WJEC FP3 June 2007 - Q1 8 marks

1. (a) Use the substitution x = 2sinh@ — 1 to evaluate the integral

LA
J.O\/x2+2x+5' (8]



Question 3 WJEC FP3 June 2008 - Q2 8 marks

2. Use the substitution x = 1 + sinh@ to evaluate the integral

2
I Jx?—2x+2 dx.
|

Give your answer correct to two decimal places. [8]



Question 4 WJEC FP3 June 2008 - Q4 12 marks

4. (a) Using appropriate definitions in terms of exponential functions, show that
sech’x = 1 — tanh’x. [4]
(b)  Solve the equation
Ssech’x = 11 — 13tanhx

giving your answer as a natural logarithm. [8]



Question 5 WJEC FP3 June 2009 - Q1 7 marks

1. Solve the equation
cosh20 = 6sinh0 - 3.

Give your answers in the form ln( p+ \/E ) , where p, g are positive integers. [7]



Question 6 WJEC FP3 June 2009 - Q3 8 marks

3. Use the substitution x = 2 sinhu to evaluate the integral

2 dx
3
J.o (x2 +4)i

Give your answer correct to two decimal places. [8]



Question7 WJEC FP3 June 2010 - Q2 7 marks

2. Use the substitution x = sinhu to evaluate the integral

3 x2 "
Jo N

Give your answer correct to two decimal places. [7]



Question 8 WJEC FP3 June 20I11- Q1 8 marks

1. Find the positive root of the equation
3tanh® 6 = 5sech6 +1,

giving your answer in the form In(a ++/b ), where «, b are positive integers. [8]



Question 9 WJEC FP3 June 2012 - Q2 7 marks

2. Consider the equation
cosh’x = sinhx + k
where k is a constant.
(a)  Find the range of values of & for which the equation has no real solution. [4]

(b)  Find the positive root of the equation when k = 3, giving your answer in the form
In(a + +/b), where a, b are positive integers. [3]



Question 10 WJEC FP3 June 2013 - Q1 6 marks

1. Determine the two positive roots of the equation
cosh2x — 7coshx + 7 =0,

giving your answers correct to two decimal places. [6]



Question 11 WJEC FP3 June 2014 - Q1 9 marks

1. (a) Starting with the exponential definition of sinh x, show that
sinh~! x = ln(x + \W) [4]
(b) Solve the equation
cosh2x = 2sinh x + 5,

giving your answers in the form ln(a + \/17) where a, b are integers. [5]



Question 12 WJEC FP3 June 2014 - Q7

7. (@) Using the substitution x = asinh6, show that

a

2 PR
J.\/xz + a2 dx = %(Sinh‘l (%) + WJ + constant .

(b) The equation of the curve Cis
y=x2, 0<x <L

Find the arc length of C.

END OF PAPER

11 marks

[5]

[6]



Question 13 WJEC FP3 June 2015 - Q1 8 marks

1. (@ Express 5coshf+ 3sinh8 in the form rcosh (6 + «), r > 0, where the values of r and «
are to be found. [4]

(b) Hence solve the equation

5cosh@ + 3sinh6 = 10. [4]



Question 14 WJEC FP3 June 2017 - Q1 7 marks

1. Solve the equation
2 sinh@+ cosh@ = 2.

Give your answer correct to three significant figures. [7]



Question 15 WJEC FP3 Specimen - Q1 7 marks

cosh® x =3 +sinh x,

expressing the roots as natural logarithms. [7]



END OF HYPERBOLIC FUNCTIONS PACK

Source: WJEC FP3 (2008 modular spec) - 2005-2017
Curated for WJEC FM 2017 spec A2 Unit 4 — Topic 7 (2.4.7)
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