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integrals, volumes of revolution and surface area — mapping onto new-spec A2 Unit 4 Topic 5.
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Further Calculus — Improper Integrals, Volumes & Inverse-
Trig Integration — what the new spec asks

WJEC GCE A Level Further Mathematics (from 2017) - Unit 4: Further Pure Mathematics B - Topic 2.4.5.

Improper integrals 2.4.5 Volumes of revolution 2.4.5
¢ Integrand undefined at ¢ € [a, b]: fabf =

ime o (S + [0 1) )
o Infinite limit: [ f do = limp o0 [ f dz. « Rotation about y-axis: V = ﬂ/ 22 dy.
e Convergent iff the limit exists and is finite. ¢

b
o Rotation about z-axis: V = 7r/ ydz.
a

e Surface of revolution about z-axis: S =

e Common examples: fol dz/\/z converges; [, dz/z b
diverges. 27?/ yv/1+ (dy/dz)? dz.
a
e For parametric z(t), y(t): replace dz with & dt and use
NETET)
Mean value & inverse trig 2.4.5 Working scientifically general
2 .2). : :
« Mean value of f on [a,b]: f = / f(z) da. o F?r 1/(a a: ): facto.r an.d use partial fractions, or
—a trigonometric substitution.
d . 1 2 2
—arcsinx = arctana: = e Forl/(a”+ z%):try z = atanw to convert to
' iz =22 dz 1+:c2 2/( , ): try
da 1 sec? /sec? = 1.
PR - g retan c.  Volumes: always sketch the region first; identify
;190 - arcsin & e whether it's about z or y axis.
va® —x a e Improper at both ends: split into two improper

integrals at a finite point.
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Further Calculus in one page

Quick-reference notes — revisit before each section. Don’t use during questions.

Improper integrals — types

Infinite range:/ fdx =
R a
El)gl;o fdx.

b
Unbounded integrand at c:/ fdx =

c—e b
lim / fdx + / fde.
=07 Jq cte

Mean value

Mean value of f over [a, b]:

b
I RGL

Geometric interpretation: height of the
rectangle with the same area as [ f.

Trigonometric substitutions
Forva? —z?—letz = asinu,dr =
acosu du.

Forva® + 2% —letz = atanu, dz =
asec? udu.

For V&2 — a? — let z = asecu (rarely on
FP B; usually use cosh u).

Volumes of revolution
b
About gz-axis: V = 71'/ y2 dz.
a

d
About y-axis: V = 77/ 22 dy.
c

For implicit / parametric curves:
substitute appropriately.

Inverse-trig derivatives

1
—arcsine = —— —|z| < 1.
o — el
1
— =———|z| < L
g arecosz T |z
%arctanw:m—allm.

Common pitfalls

o Forgetting to take the limit for
improper integrals — just “plugging in
0o” loses marks.

e Sign confusioninvolumevs area—V
uses y2, S uses yy/1 + y2.

o Forgetting the 7 in volume formula.

o Wrong substitution: z = asinu for
va® + z? doesn’t simplify.

Crib sheet — revision compilation for FM Unit 4 Topic 5.

FPB-2.4.5-2017 spec

Surface area of revolution

About z-axis: § =

b
27r/ yv/1+ (dy/dz)? dz.
About y-axis: S =

d
27r/ z+/1+ (dz/dy)? dy.
For parametric (z(t), y(t)): /&2 + 92 dt

replaces the arc-length element.

Standard inverse-trig integrals

dz 1 x
—— = —arctan— + C.
a+z? a a

dz
Va? — z?
For 1/(a?® — 2?) try partial fractions; for
1/(a*+ z?) try z = atanu.

.
= arcsin— + C.
a

Strategy
1. Identify the integrand structure

(rational, v/a? £ 22, etc.).

2. Choose substitution: sin, tan for
a® + x?; partial fractions for rational.
3. Compute under the substitution;
back-substitute or evaluate.

4. For volumes: sketch the region;
identify axis; use m [y or [ @

Questions begin overleaf.



SECTION TS

Further Calculus

Questions 1-12 - 84 marks



Question1 WJEC FP2 June 2007 - Q1 6 marks

1. Use the substitution x = y? to evaluate the integral

o
J.I VX9 —Xx) ’

giving your answer correct to two significant figures. [6]



Question 2 WJEC FP2 June 2008 - Q3 9 marks
3. (a) Using the substitution « = x°, evaluate the integral

5
f3 xdx
9+x*)’

0

giving your answer in the form % , where k is an integer. [5]

(b) Evaluate the integral

J‘IL. [4]
, V25-9x°



Question 3 WJEC FP2 June 2009 - Q2 7 marks

2. Using the substitution u = tanx, evaluate the integral

w SeC2x
J'6 dr .
0

\/3—se02x

Explain briefly why the integral could not be evaluated if the upper limit were changed to % . [7]



Question 4 WJEC FP2 June 2010 - Q1 5 marks
1. Using the substitution u = x Jx , evaluate the integral
2 \/_
X
—— dx.
J. 0 V9—x

Give your answer correct to three decimal places. [5]



Question 5 WJEC FP2 June 2012 - Q2 6 marks

2. Using the substitution u = e, evaluate the integral

1 1 d
J.OW X.

Give your answer correct to three decimal places. [6]



Question 6 WJEC FP2 June 2013 - Q1 5 marks

1. Using the substitution u = x?, evaluate the integral

2
X
——=—dux.
J.l V25 — x4

Give your answer correct to three significant figures. [5]



Question7 WJEC FP2 June 2014 - Q2 5 marks

2. Using the substitution u = sinx, evaluate the integral

T )
2 sin2x dx

0 4 —sin*x

Give your answer in the form E, where k is a positive integer. [5]



Question 8 WJEC FP2 June 2015 - Q1

1. (@) Express
5
(x2+1)(2-x)

in partial fractions.

(b) Using the substitution u = tanx and the result in (a), evaluate the integral
p/4

4_ 5
J.o 2 —tanx dx.

Give your answer correct to three significant figures.

13 marks

[4]

9]



Question 9 WJEC FP2 June 2016 - Q1 6 marks

1. Using the substitution u = x2, evaluate the integral

ﬁ X
— __ dx,
Jo V16— x4

giving your answer in the form % , Where n is a positive integer. [6]



Question 10 WJEC FP2 June 2017 - Q2 5 marks

2. Evaluate the integral

2
2x2+5
J.O xX+4 dx

giving your answer in the form a + br, where a, b are constants to be determined. [5]



Question 11 WJEC FP3 June 2017 - Q3 9 marks

3. The curve C has equation y = x>. The arc joining the points (0, 0) and (1, 1) on C is rotated
through an angle 2z about the x-axis. Calculate the curved surface area of the solid generated,
giving your answer correct to three significant figures. [9]



Question 12 WJEC FP3 Specimen - Q3 8 marks

3. The arc joining the points (0,0) and (1,1) on the curve y=x’ is rotated through four
right-angles about the x-axis.

(a) 6)) Show that the area of the curved surface generated is given by

1

27| xX*N1+9x*dx [2]

0
@11) Use the substitution u=1+9x" to show this area is equal to

%(10@ -1). [6]
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