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PAGE 2 - SPECIFICATION REMINDER

FPB-2.4.4-2017 spec

Further Algebra & Functions — Maclaurin Series & Partial
Fractions — what the new spec asks

WJEC GCE A Level Further Mathematics (from 2017) - Unit 4: Further Pure Mathematics B - Topic 2.4.4.

Maclaurin series 2.4.4

For a function f infinitely differentiable at 0: f(z) =

o £00)

n=0 nl

M) (o

General term: f—'():c"
n:

Standard series (all valid for stated z):

2 3

e=1+z+s 4 —allzln(l+z)=z—% +2 —

=] < 1.

Partial fractions 2.4.4

f(z)

. 2 ——
Denominator (az + b)(cz? + d): (az + b)(cz? + d)
A Bz +C

ar +b * cx®+d’
For (az + b)(cz + d)(ex + f): three linear partial
fractions.

Match coefficients by clearing denominators and

equating powers of z, or substitute strategic values.

Useful for both integration and series expansion.

More standard series 2.4.4

3 5
. sinmzxf%-l-”g—!—u-—allx.
2 4
e cost=1-5+%—..-—allz
. (1+m)":1+nm+ﬂgl—711x2+--~—|x|<1un|essnis

a non-negative integer.
e Combine via algebra (multiply, substitute,
differentiate, integrate term-by-term).

Working scientifically general

e For Maclaurin of In(1 + sin z): substitute sin z-series
intoIn(1 + u).

e Always state how many non-zero terms are required,
then keep one more for safety.

e For composite f(g(x)): use the chain rule on f” or the
recurrence f” involves f, f'.

e Once you have the series, check by plugging z =0 —
the constant term must match f(0).
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Further Algebra & Functions in one page

Quick-reference notes — revisit before each section. Don’t use during questions.

Maclaurin series
For f infinitely differentiable at 0:
<. ™0
fla) = 30 Lol
0 n:

= £(0) + f/(0)a + L%a? 4 ...

Recurrence approach
If f satisfies a differential identity

(eg. (1+2%)f"(z) + 2f'(2) + f(z) = O):

Differentiate n times via Leibniz;
evaluate at z = 0 to find f**2(0) in
terms of £(*1)(0), £ (0).

Finding coefficients

Method 1: Clear denominators, equate
coefficients of like powers of z.
Method 2: Substitute strategic values
(roots of factors) to pick off
coefficients one at a time.
Cross-check by substituting z = 0 or
z=1

Standard expansions
e$:1+w+§%+§—?+~--(allw)v

. 3 5
sinz =z — & + & —---(all z).
2 4
cos:vzlf%-&-i—!—u%alla:).

Composite series

Maclaurin of In(1 + sin z): substitute
the sin z-series into In(1 + w).

Keep only terms up to the requested
order; don’t propagate higher powers.
Algebraic discipline: multiply out
carefully, collect like powers.

Common pitfalls

o Forgetting the range of validity for
In(1+ ) and (1 + )" series.

e Missing higher-order terms when
substituting one series into another.

« Wrong form for irreducible quadratic:
needs Bz + C on top, not just B.

o Signerrorinln(l + z) alternating
series.

More expansions

In(l+z)=2— %Z +“§ = (Jz] < D
(1+m)”:1+nz+%m2+--~(
|z] < 1unlessn € Zso).

sinh z, cosh z: use e* + e™* form —
combine the two series.

Partial fractions: types

Linear factor (az + b): term s

Repeated linear (az + b)*: terms
A B

ar+b + (az + b)?’

Quaderatic (cz? + d) irreducible: term
Bz +C

cx? +d’

Strategy

1. For Maclaurin: compute

£(0), f"(0), £'(0), ... directly when
possible.

2. If derivatives are messy, find a
differential relation and use
recurrence.

3. For partial fractions: write the form
first, then solve for constants.

4. Always verify by combining the
partial fractions back.



SECTION T4

Further Algebra and Functions

Questions 1-15 - 164 marks



Question1 WJEC FP2 June 2006 - Q7 10 marks

7. (a) Express

X
(x+2)(x*+4)

in partial fractions. [4]

(b) Hence evaluate the integral

3 X
J; (x+2)(x*+4) dx,

giving your answer correct to three decimal places. [6]



Question 2 WJEC FP2 June 2007 - Q3 9 marks

3. Let C(x+D(x+2)

JO= G+ 1)

(a) Express f(x) in partial fractions. [5]

(b) Find j F(x)dx. [4]



Question 3 WJEC FP2 June 2009 - Q5

5. The function fis defined by

= e G -

(a) Express f(x) in partial fractions.

(b) Evaluate the integral

5
J Fodx
0

m

giving your answer in the form ln( P ) where m, n are integers.

(978-01)

9 marks

[4]

[5]



Question 4 WJEC FP2 June 2010 - Q4 10 marks

4. The function f'is defined by

?)Jc2

f= (x+2)(x"+2)
(a) Express f(x) in partial fractions. [4]

(b) Evaluate the integral

2
j £ dx.
1 [6]



Question 5 WJEC FP2 June 2012 - Q4

4. The function f'is given by

_ 3x2—-4x+1
S = Sy

(a) Express f(x) in partial fractions.

(b) Hence evaluate

ff(x)dx,

a

b

giving your answer in the form ln(

), where a, b are positive integers.

9 marks

[4]

5]



Question 6
6. (a)
(b)

WJEC FP2 June 2013 - Q6

Express

4x2 - 2x+9
x(x2 + 3)

in partial fractions.

Hence evaluate

3
4x2 —2x+9
J.l x(x2 + 3) dx,

giving your answer correct to three significant figures.

10 marks

[4]

[6]



Question7 WJEC FP2 June 2017 - Q6

6. The function f'is defined by

_ 24x>+31x+9
)= G 1) 1)

(a) Express f(x) in partial fractions.

(b) (i) Evaluate the integral

2
j .
giving your answer as In/V, where N is a positive integer.

(i) Explain briefly why the integral

[ 10

cannot be evaluated.

9 marks

[4]

[5]



Question 8 WJEC FP3 June 2006 - Q3 13 marks

3. The function fis defined by
fix) = In sec x.
(a) Find the Maclaurin series of f{x) up to and including the term in x*. [9]
(b) The equation
Insecx=1-10x"

has a small positive root ¢. Use your series to find an approximation to ¢, giving your
answer correct to four decimal places. [4]



Question 9 WJEC FP3 June 2007 - Q6 14 marks

6. The function fis defined by

f(x)= 1ntan(%+ x).

(a) Show that

f(x) = 2sec2x. (4]
(b)  Find the first two non-zero terms in the Maclaurin expansion of f. [7]
(c) The equation
f(x)=10x"

has a small positive root. Find its approximate value. [3]



Question 10 WJEC FP3 June 2009 - Q2 9 marks

2. Find the first three non-zero terms of the Maclaurin series of In(2 — ¢"). [9]



Question 11 WJEC FP3 June 2010 - Q5 13 marks

5. Consider the function
f(x) =In(1 + sinhx).

(a) (i) Find the first three non-zero terms of the Maclaurin series for f (x).

(ii) Explain how your result enables you to conclude that f'is neither an odd function nor
an even function. [10]

(b) The equation
In(1 + sinhx) = 10x*

has a small positive root. Use your result in (a)(i) to find its approximate value, giving your
answer correct to two significant figures. [3]



Question 12 WJEC FP3 June 2011 - Q4 11 marks

4. The function f'is defined by
f(x)=e'cosx.
(a) Show that
S7(x) =—2e"sinx. 2]
(b) Determine the Maclaurin series for f(x) as far as the term in x*. [5]

(c¢) By differentiating your series, determine the Maclaurin series for e*sinx as far as the
term in x°. [4]

(979-01)



Question 13 WJEC FP3 June 2013 - Q3 9 marks

3. The function fis defined by
f(x) = In(2e* - 1).
(a) Show that gex
(2e* 1) B3]

(b) Determine the Maclaurin series for f(x) as far as the term in x3. [6]

(%)=



Question 14 WJEC FP3 June 2017 - Q4

4. The function f'is defined by
f(x) = cos(In(l + x)).
(@ Show that
(1 + 22 f"C0) + (1 +x) f'(x) + f(x) = 0.

(b) Hence, or otherwise, show that the Maclaurin series for f(x) is

I R
1 2x +2x +...

(c) Deduce the Maclaurin series for sin (In(1 + x)) as far as the term in x?.

16 marks

[4]

[5]

[4]



Question 15 WJEC FP3 Specimen - Q5 13 marks
[9]

(b) Use your series to evaluate, approximately, the integral
1

3

In(1+ sin x)dx [4]

0
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