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GCE AS / ALEVEL — FURTHER STATISTICS A QUESTION PACK

0985-01 (Legacy S3) - New spec Unit 2 Topic 5 (2.2.2)

REVISE

.wales

FURTHER MATHS — FS A - LINEAR REGRESSION

Target end date

Linear Regression — Least-Squares Estimation, Confidence Intervals & Hypothesis

Tests for 5

Every linear-regression question from legacy WJEC S3 (June 2006-2017 + Specimen). PMCC / Spearman / chi-

squared had no legacy practice in S2 / S3 and are covered in the crib sheet.

LEGACY 2008 SPECIFICATION

Estimated time for entire question pack: ~4 hours 58 minutes

Derived from the legacy S3 paper’s pace of ~1.5 min/mark (199 marks over 13 questions).

You are advised to not attempt to complete all of this in one sitting.

ABOUT THIS QUESTION PACK

This is a single-topic practice question pack,
narrowly focused on one sub-topic from Unit 2 (2.2.2).
It contains every relevant question from the legacy
WIJEC S3 papers (2008 modular spec) that maps onto
this sub-topic of new-spec AS Unit 2.

Questions are ordered roughly by difficulty.

INSTRUCTIONS

Use black ink or black ball-point pen. Show all working
— method marks are awarded for clear setup.

A calculator is allowed. The WJEC Formula Booklet and
statistical tables (Murdoch & Barnes) may be referred to.

All question content is © WJEC CBAC Ltd. and reproduced
for revision purposes.

For Examiner’s use only

Source Max | Mark
Jun 06 Q5 20
Jun 07 Q7 16
Jun 08 Q7 12
Jun 09 Q7 13
Jun 10 Q7 13
Jun 11 Q6 13
Jun12 Q5 13

Q Source Max | Mark
8 | Jun13Q6 13
9 | Jun14 Qs 18
10 [ Jun15Q5 20
11 [Juni16 QS5 15
12 | Jun17 Q6 15
13 | Spec.QS 18
Total | 199 |




PAGE 2 - SPECIFICATION REMINDER FSA-2.2.2-2017 spec

Linear Regression — Least-Squares Estimation, Confidence
Intervals & Hypothesis Tests for 5 — what the new spec asks

WJEC GCE AS / A Level Further Mathematics (from 2017) - Unit 2: Further Statistics A - Topic 2.2.2.

Linear model 2.2.2 Least-squares estimators 2.2.2
e Model:y; = a + Bz; + &; with g; ~ N(0,0?) i.i.d. o Sy =z —nz% S, = zy — nTy.
e 1z values exact; y values measured with normal error . B =b=84y/Ss. & =0a=7— bL.

of known o. e SE(B) = 0/v/S,z when o is known.
e Goal: estimate a, 8 from {(z;,y:)} data. e SE(§0) = o/1/n + (z0 — %)%/ Sze at & = .
Tests&Clsforp 2.2.2 Correlation & chi-squared (new-spec only)
e Ho:f = pPovs two-sided Hi: use Z = (b — (o) /SE(b) ~ 2.2.2

N(0,1). e Pearson PMCCr = S,,/1/S5..5,,: Spearman rank p, =
o p-value =2P(Z > |zg|). Rejectif p < c. 1-6Yd?/[n(n* —1)].
e Cl:b=+ z,5 SE(b). e Chi-squared goodness-of-fit: 2 = (0, — E;)?/E;
o Forgo:a+ bxo £ 24/, SE(fo)- withv =k —1—p.

e 7 x ccontingency: v = (r — 1)(c — 1). Pool cells with
E; < 5.

e Not assessed in legacy S3 — new-spec only. See crib
sheet.



PAGE 3 - CRIB SHEET

Linear Regression in one page

Quick-reference notes — revisit before each section. Don’t use during questions.

Linear regression setup

Model: y; = a + Bz; + ¢; with g; ~
N(0,02) i.id.

x values exact; y values measured
with normal error.

Goal: estimate «a, 8 from the data

{(i, i)}

Hypothesis test for 5
Hy: 8= fyvs Hy : B # By (two-sided).
_bh
SE(b)
p-value = 2 P(Z > |zos)- Reject if p <
Q.

~ N(0,1) under H,.

Spearman’s rank (new)

Rank the z values and the y values
separately.

63 d}
Cn(nZ—1)
difference.

ps=1 where d; is the rank

Tied ranks: assign mean of tied
positions. Compare to Spearman
critical-value tables.

Least-squares formulae

Confidence intervals

For B: b+ z,/, SE(b).

For §o at x = zo: (a + bxo) £ 24/2 SE(f0).
For 95% Cl use z( 925 = 1.96. For 99%:
Z0.005 = 2.576.

Chi-squared test (new)

2
y»  « (0i—E)
xX=> B —
critical values.

, compared with x?

Goodness of fit v =k — 1 —p (kcells,p
params estimated).

r x ccontingency: v = (r — 1)(c — 1).
Pool cells with E; < 5.

Crib sheet — revision compilation for FM Unit 2 Topic 5.

FSA-2.2.2-2017 spec

Standard errors
If o is known and z; exact:

o
SB(5) = —=—
oy
SE(f) =0 % + —(moS 2)

Minimum SE at zy = Z.

Pearson’s correlation (new)

S.
r=——L_ where S, = Y. y* — ng>.
S:L'a: vy

—1 <r <1;r =+1 means perfect
linear.

Test Hy : p = 0 via Pearson tables
(critical r for sample size n).

Strategy

1. Compute Z, ¥, Szz, Szy from summary
stats.

2.b=8,,/8;,.a =17 — bZ.

3. Use SE(b) = 0/+/Sq. for tests and
Cls.

4. 0nly interpolate — never extrapolate
beyond data range.

i Si dl.
Questions begin overleaf



SECTION TS

Linear Regression

Questions 1-13 - 199 marks



Question1

WJEC S3 June 2006 - Q5 20 marks

5. Alan is investigating the relationship between the resistance, y ohms, of a new type of electrical
component and the temperature, x°C. He obtains the following results.

X 0 5 10 15 20 25

y 10-3 11-8 14-2 16:6 17-4 18-9
(a) Evaluate 3x,Yy, Sxyand Yx>. [2]
(b) Assuming a linear relationship y = o + fx, calculate a and b, the least squares estimates

(c)

(d)

of erand . [6]

The values of x are exact whereas the values of y are subject to independent normally
distributed errors with zero mean and standard deviation 0-4.

(i) Use your values of a and b to estimate the true value of the resistance at 20°C.
Determine the standard error of your estimate.

(ii)) Hence find a 95% confidence interval for the true value of the resistance at 20°C.

Alan predicted beforehand that the value of 8 would be 0-4. Determine, at the 1%
significance level, whether or not his results are consistent with this prediction. [12]



Question 2

WJEC S3 June 2007 - Q7 16 marks

7. The following table shows the temperature, y°C, of the water in a boiler at various times,
x minutes, after switching on.

(a)

(b)

(985-01)

X 0 5 10 15 20 25 30

y 20 25 31 38 44 49 55

[You may assume that ¥ xy = 4760, 3 x* = 2275]

Assuming a linear relationship y = & + Px, calculate least squares estimates a, b for ¢, B.
Give your answers correct to four decimal places. [7]

The boiler is being tested to determine whether or not the value of is 1-2. Assuming that
the values of x are exact whereas the values of y are subject to independent normally
distributed errors with zero mean and standard deviation 0-25,

(i) state suitable hypotheses,

(i) calculate the p-value of your value of b and state your conclusion. [9]



Question 3 WJEC S3 June 2008 - Q7 12 marks

7. The length, y cm, of a wire is related to its temperature, x°C, by the equation y = o + fx. The
values of x can be controlled exactly whereas the measured values of y are subject to independent
normally distributed errors with mean zero and standard deviation 0-15 cm. The following results
were obtained for a particular wire.

Temperature (x°C) 20 30 40 50 60 70

Measured length (y cm) 823 83-9 853 86-8 88-6 90-1

[You are given that Yx= 270, Yy= 517, 3 x* = 13900, Xxy= 23 538]

(a) Calculate least squares estimates for o and f. [6]

(b) Calculate a 99% confidence inverval for the actual length of the wire when its temperature
is 60°C. [6]

(985-01)



Question 4

WJEC S3 June 2009 - Q7 13 marks

7. The variables x and y are known to be related by an equation of the form y = o + fx. In order to
estimate the values of a and B, the values of y were measured for six different values of x. The
following results were obtained.

X 5 10 15 20 25 30

y 155 272 37-4 49-1 60-8 726

[You are given that Yx= 105, Yy=262:6, ¥ x*=2275, Yxy=5590-5]

The values of x are exact but the values of y are subject to independent normally distributed
measurement errors with mean zero and standard deviation 0-5.

(a)
(b)

(c)

Calculate least squares estimates for or and f3. [6]

The value of 3 is thought to be 2:34. The following hypotheses are therefore defined:
H: B=2-34 versus H: B<2:34
Calculate the p-value of your result and interpret it. [6]

Alun is given the same data and he evaluates the least squares estimate of 3 as 0-52. Explain
briefly why this answer is obviously incorrect. [1]



Question 5

WJEC S3 June 2010 - Q7

13 marks

7. The length, y metres, of an elastic string and its tension, x Newtons, are related by an equation of
the form y = o + Bx. In order to estimate the values of o and S, the values of y were measured for

six different values of x. The following results were obtained.

X 10

20

30

40

50

60

y 2:02

2:23

2:39

2:56

277

295

The values of x are exact but the values of y are subject to independent normally distributed
measurement errors with mean zero and standard deviation 0-02 metres.

(a) Calculate least squares estimates for o and .

(b) Determine a 90% confidence interval for o.

(985-01)



Question 6 WJEC S3 June 2011 - Q6 13 marks

6. The solubility y, in appropriate units, of a certain chemical in water 1s related to the
temperature, x °C, by an equation of the form y = o + Bx. In order to estimate o and S, the
following measurements were made.

x 10 12 14 16 18 20

v 217 24-4 27-3 29-6 31-7 34-5

[You are given that ' x =90, sz = 1420, Yy =1692, ) xy = 26262
(a) Calculate least squares estimates for o and B. [6]
(b) The values of x are exact but the values of p are subject to independent normally

distributed measurement errors with mean zero and standard deviation 0-15. Determine
a 99% confidence interval for the solubility of the chemical in water at 17°C. [7]

TURN OVER

(985-01)



Question7 WJEC S3 June 2012 - Q5 13 marks

5. The temperature y°C in an oven x minutes after switching on the oven can be assumed to

satisfy the equation y = o + Bx. In order to estimate or and j, the following measurements
were made.

X 0 1 2 3 4 5

y 20-0 34-4 493 656 797 96-5

(a)  Calculate least squares estimates foraand 3. [8]

(b) The values of x are exact but the values of y are subject to independent normally

distributed measurement errors with mean zero and standard deviation 0-75. Determine
a 99% confidence interval for 5. [5]

TURN OVER

© WIEC CBAC Ltd. (0985-01)



Question 8 WJEC S3 June 2013 - Q6 13 marks

6. The resistance, y ohms, of an electrical component is related to the temperature, x°C, by an
equation of the form y = o + Bx . In order to estimate the unknown constants o and 3, the
following measurements were made.

X 10 15 20 25 30 35 40
¥ 12:3 13-9 151 16-6 18:6 20-1 215
(a) Calculate least squares estimates for o and 3. [8]

(b) The values of x are exact but the values of y are subject to independent normally
distributed measurement errors with mean zero and standard deviation 0-1. Determine
a 95% confidence interval for «. [9]



Question 9 WJEC S3 June 2014 - Q5 18 marks

5. The variables x and y are related by an equation of the form y = o + Sx. In order to estimate the
unknown constants & and S, the following measurements were made.

X 2 4 6 8 10 12
y 19-8 339 49-9 641 779 95-0
(@) Calculate least squares estimates for ocand S. [8]

(b) The values of x are exact but the values of y are subject to independent normally distributed
measurement errors with mean zero and standard deviation 0-5.

(i) Calculate an unbiased estimate of the value of y when x = 5.
(i) Determine a 95% confidence interval for the value of y when x = 5.
(i) It was thought beforehand that the value of § was 7:6. Determine whether or not,

at the 5% significance level, the values in the table above are consistent with this
value of . [10]



Question 10 WJEC S3 June 2015 - Q5 20 marks

5. The speed of sound in air, yms=1, and the air temperature, x°C, may be assumed to be related
by an equation of the form y = o + Bx. In order to estimate the unknown constants « and B, the

following measurements were made.

10 15 20 25 30
3371 3407 | 343-0 | 3461 3497
(a) Calculate least squares estimates for oz and . [8]

(b) Thevalues of x are exact but the values of y are subject to independent normally distributed
measurement errors with mean zero and standard deviation 0:25.

(i) Determine a 99% confidence interval for ¢, giving your answer correct to one
decimal place. [5]

(i) Test, at the 5% significance level, the null hypothesis H,, : 8 = 0-65 against a two-
sided alternative. [7]



Question 11 WJEC S3 June 2016 - Q5 15 marks

5. The amount, y grams, of chemical that dissolves in 1 litre of water at a temperature of x°C
satisfies the relationship y = o + Bx. In order to estimate the unknown constants « and 3, the
following measurements were made.

10 20 30 40 50 60
162 183 201 225 248 267
(a) Calculate least squares estimates for e and S. [8]

(b) The values of x are exact butthe values of y are subject to independent normally distributed
measurement errors with mean zero and standard deviation 1-5.

(i) Determine a 95% confidence interval for B, giving your limits correct to three
significant figures.

(i) A 95% confidence interval is to be determined for the value of y when x = x,,. Giving
a reason, state the value of x; for which the confidence interval has minimum

width. [7]



Question 12

WJEC S3 June 2017 - Q6 15 marks

6. The length, ycm, of a spring subjected to a tension of x Newtons satisfies the relationship
y = a+ [x, where xand S are unknown constants. In order to estimate o and f3, the following
measurements were made.

X 10 15 20 25 30 40

16-4 18-9 20-7 246

y 12-4 14-3

You are given that 2x =140, >y=107-3, ¥ x> = 3850, > xy=2744.

(@

(b)

Calculate least squares estimates for o and f3, giving your answers correct to three
significant figures. [6]

The values of x are exact but the values of y are subject to independent normally
distributed measurement errors with mean zero and standard deviation 0-2. Before the
measurements were made, Emlyn believed that the value of S was 0-4.

(i) State suitable hypotheses to carry out a two-sided test of Emlyn’s belief.

(i) Calculate the p-value of the above results.

(i)  State whether or not the data support Emlyn’s belief. 9]

TURN OVER

© WJEC CBAC Ltd. (0985-01-R1)



Question 13

WJEC S3 Specimen - Q5

18 marks

Jim is investigating the relationship between the length of a wire, y cm, and the

temperature, x°C, of the wire. He obtains the following experimental results.

x | 10 15 20 25 30 35 40 45
y | 743 | 76:1 | 772 | 78-6 | 80-4 | 82-1 | 839 | 855
[You are given that Xy = 638-1; Zxy = 17882.5]
(a) Assuming a linear relationship y = a + X, calculate a and b, the least squares

estimates of aand f.

[5]

The values of x are exact whereas the measured values of y are subject to
independent normally distributed errors with zero mean and standard
deviation 0-2.

(b) Test the null hypothesis that f# = 0-3 against a two-sided alternative, using a
significance level of 5%.

© @®

(i1)

[7]

Use your values of a and b to estimate the true length of the wire when
the temperature is 35°C. Determine the standard error of your
estimate.

Hence find a 95% confidence interval for the true length of the wire
when the temperature is 35°C.

[6]



END OF LINEAR REGRESSION PACK

Source: WJEC S3 (2008 modular spec) - 2005-2017
Curated for WJEC FM 2017 spec AS Unit 2 — Topic 5 (2.2.2)

© WJEC CBAC Ltd. Pack layout © revise.wales for revision purposes only.



